10.1 Golden Section Search in One Dimension
Recall how the bisection method finds roots of functions in one dimension
($9.2). The root is supposed to have been bracketed in an interval (a, b). One
then evaluates the function at an intermediate point x and obtains a new,
smaller bracketing interval, either (a, x) or (x, b). The process continues
until the bracketing interval is acceptably small. It is optimal to choose x to
be the midpoint of (a, b) so that the decrease in the interval length is
maximized when the function is as uncooperative as it can be, i.e., when the
luck of the draw forces you to take the bigger bisected segment.
There is a precise, though slightly subtle, translation of these
considerations in the minimization problem: What does it mean to bracket a
minimum?
A root of a function is known to be bracketed by a pair of points, a < b when
the function has opposite sign at those two points. A minimum, by contrast, is
known to be bracketed only when there is a triplet of points, a < b < c, such
that f(b) is less than both f(a) and f(c). In this case we know that the
function (if it is non-singular) has a minimum in the interval (a, c).
The analog of bisection is to choose a new point x, either between a and b or
between b and c. Suppose, to be specific, that we make the latter choice. Then
we evaluate f(x). If f(b) < f(x), then the new bracketing triplet of points is a
< b < x; contrariwise, if f(b) > f(x), then the new bracketing triplet is b < x
< c. In all cases the middle point of the new triplet is the abscissa whose
ordinate is the best minimum achieved so far; see Figure 10.1.1. We continue the
process of bracketing until the distance between the two outer points of the
triplet is tolerably small.
How small is "tolerably" small? For a minimum located at a value b, you might
naively think that you will be able to bracket it in as small a range as (1eps)b < b < (1 + eps)b, where eps is your computer's floating point precision, a
number like 3 x 10-8 (single precision) or 10-15 (double precision). Not so! In
general, the shape of your function f(x) near b will be given by Taylor's
theorem
1
f(x) ~ f(b) + - f"(b)(x - b)²
(10.1.1)
2
The second term will be negligible compared to the first (that is, will be a
factor eps smaller and will act just like zero when added to it) whenever
2|f(b)|
|x-b| < sqrt(eps) b sqrt(--------)
b² f"(b)

(10.1.2)

The reason for writing the right-hand side in this way is that, for
functions, the final square root is a number of order unity. Therefore,
rule of thumb, it is hopeless to ask for a bracketing interval of width
than sqrt(eps) times its central value, a fractional width of only about
(single precision) or 3 x 10-8 (double precision). Knowing this inescapable
will save you a lot of useless bisections!
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The minimum-finding routines of this chapter will often call for a usersupplied argument TOL, and return with an abscissa whose fractional precision is
about ±TOL (bracketing interval of fractional size about 2xTOL). Unless you have
a better estimate for the right-hand side of equation (10.1.2), you should set
TOL equal to (not much less than) the square root of your machine's floating
precision, since smaller values will gain you nothing.

It remains to decide on a strategy for choosing the new point x. given a, b,
c. Suppose that b is a fraction W of the way between a and c, i.e.
b-a
--- = W
c-a

c-b
--- = 1 - W
c-a

(10.1.3)

Figure 10.1.1. Successive bracketing of a minimum. The minimum is
originally bracketed by points 1,3,2. The function is evaluated
at 4, which replaces 2; then at 5, which replaces 1; then at 6,
which replaces 4. The rule at each stage is to keep a center
point that is lower than the two outside points. After the steps
shown, the minimum is bracketed by points 3,6,5.

Also suppose that our next trial point x is an additional fraction Z beyond b,
z - b
----- = Z
c - a

(10.1.4)

Then the next bracketing segment will either be of length W + Z relative to the
current one, or else of length 1 - W. If we want to minimize the worst case
possibility, then we will choose Z to make these equal, namely
Z = 1 - 2W

(10.1.5)

We see at once that the new point is the symmetric point to b in the interval,
namely with |b - a| equal to |x - c|. This implies that the point x lies in the
larger of the two segments (Z is positive only if W < 1/2).
But where in the larger segment? Where did the value of W itself come from?
Presumably from the previous stage of applying our same strategy. Therefore, if
Z is chosen to be optimal, then so was W before it. This scale similarity

implies that x should be the same fraction of the way from b to c (if that is
the bigger segment) as was b from a to c, in other words,
Z
----- = W
1 - W

(10.1.6)

Equations (10.1.5) and (10.1.6) yield the quadratic equation
W² - 3W + 1 = 0

yielding

3 - sqrt(5)
W = ----------2

~ 0.38197

(10.1.7)

In other words, the optimal bracketing interval a < b < c has its middle point
b a fractional distance 0.38197 from one end (say, a), and 0.61803 from the
other end (say, b). These fractions are those of the so-called golden mean or
golden section, whose supposedly aesthetic properties hark back to the ancient
Pythagoreans. This optimal method of function minimization, the analog of the
bisection method for finding zeros, is thus called the golden section search,
summarized as follows:
Given, at each stage, a bracketing triplet of points, the next point to be
tried is that which is a fraction 0.38197 into the larger of the two intervals
(measuring from the central point of the triplet). If you start out with a
bracketing triplet whose segments are not in the golden ratios, the procedure of
choosing successive points at the golden mean point of the larger segment will
quickly converge you to the proper, self-replicating ratios.
The golden section search guarantees that each new function evaluation will
(after self-replicating ratios have been achieved) bracket the minimum to an
interval just 0.61803 times the size of the preceding interval. This is
comparable to, but not quite as good as, the 0.50000 which holds when finding
roots by bisection. Note that the convergence is linear (in the language of
Chapter 9), meaning that successive significant figures are won linearly with
additional function evaluations.
In the next section we will give a superlinear method, where the rate at which
successive significant figures are liberated increases with each successive
function evaluation.

Routine for Initially Bracketing a Minimum
The preceding discussion has assumed that you are able to bracket the minimum
in the first place. We consider this initial bracketing to be an essential part
of any one-dimensional minimization. There are some one-dimensional algorithms
that do not require a rigorous initial bracketing. However, we would never trade
the secure feeling of knowing that a minimum is "in there somewhere" for the
dubious reduction of function evaluations that these non-bracketing routines may
promise. Please bracket your minima (or, for that matter, your zeros) before
isolating them!
There is not much theory as to how to do this bracketing. Obviously you want
to step downhill. But how far? We like to take larger and 1arger steps, starting
with some (wild?) initial guess and then increasing the step size at each step
either by a constant factor, or else by the result of a parabolic extrapolation
of the preceding points that is designed to take us to the extrapolated turning
point. It doesn't much matter if the steps get big. After all, we are stepping
downhill, so we already have the left and middle points of the bracketing
triplet. We just need to take a big enough step to stop the downhill trend and
get a high third point.
[From BIBLI 08].

